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| INVERSE TRIGONOMETRIC FUNCTIONSl

A. INTRODUCTION
sin”! X, cos™? X, tan ' x etc. represents angles or numbers whose values of sine, cosine and tangent
is 'x’, provided that the value in numerical form is smallest. These can be written as arc sin x, arc cos
x etc. If two angles whose modulus is equal, in which one is positive and other is negative then we
take positive sign.
B. DOMAIN & PRINCIPLE VALUE RANGE OF INVERSE TRIGONOMETRIC FUNCTIONS
S.No. Function Domain Principle value range (PVR)
1. =sin™’ 1,1 LI
y =sin" X xe[-1,1] ye{ 22}
2. | y=cos™x xe[-1,1] ye [0, 7]
3. =tan™! R Iz
y =tan™' x Xe ye ( 5 2)
4. y=cot’1x xeR y e (0, )
5. y = sec'x |xe (=00, =1 U1, o) y e [0, n]—{g}
6. |y =cosec 'x | xe (=00, =1 U1, o) ye {—%,%}—{0}
C. GRAPH OF INVERSE TRIGONOMETRIC FUNCTIONS
(a) f:[-n/2, n/2] —» [-1, 1] fl. [-1, 1] » [-7®/2, /2]
f(x) = sin x f1(x) = sin"'x
Y4 y
A y=x A
y=arcsinx y=arcsinx
/2 PP P
1 m
—n/2 —1 H —1
_ >x
0 1 =n/2 0 1
y=sinx €= i -1
e =70/ 2 e =10/ 2
y=)~(' y=arcsinx y=arcsinx
(b) f: [0, 7] - [-1, 1] fl. [-1, 1] — [0, =]
f(x) = cos x f1(x) = cos™* x
y=arc cosx \1'2/
> X
y=X
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[INVERSE TRIGONOMETRIC FUNCTIONS |

(c) f:(-n/2, n/2) - R f1:R> (-n/2, m/2)
f(x) = tan x f!(x) = tan™’ x
AY
T+ y=te_mx y=x
L AY
/y:arc tanx
n/2 y=arc tanx
TR T .
O L
y=arc tanx
........ s
(d f:(0,m)—>R f1:R= (0, n)
f(x) = cot x f1(x) = cot™! x
Y4

y=X.

T

N y=arc cotx
y=arc cotx
1 >X
0 w2 T /2
y=arc cotx
& /24

0 T
y=>’€ - + y=cotx
Y4
........ Tc :
(e) f:[0,m/2) U W2, 1] - (-, ~1]1 U [1, =) /
f(x) =secx = /2
£l (=00, -11 U [1, ) = [0, 7/2) U [1/2, 7]
f1(x) = sect x R
-1 [o 1 X
y
/2
(f) f: [_Tc/zl 0) o (OI TC/Z] - (_°°l _1] (& [11 °°)
f(x) = cosec x E : >X
F1 (—oo, 1] U [1, @) = [-1/2, 0) U (0, /2] - o
f1 (x) = cosec™* x
Basis on the above discussion we get following results : —n/2

(i) All inverse trigonometric functions shows angle.

(i) If x > 0 then all six trigonometric functions sin”* x, cos * x, tan™* x, sec * x, cosec * x, cot ™ x
shows acute angle.

(iii) If x < 0 then sin™* x, tan™* x and cosec * x, shows angle between - n/2 to 0 (IV quadrant)

(iv) If x < 0 then cos™* x, cot™* x and sec ! x shows obtuse angle (II quadrant)

(v) III quadrant never used in inverse trigonometric functions.
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| INVERSE TRIGONOMETRIC FUNCTIONSl

Ex.1 Findthe domain of the following functions.

(i) sin~! /n x (i) cos™! [x] (iii) sin* {x}

Sol. (i) <x<e

1
f(x)=sin'/nx = -1</nx<1 = °

(i) f(x) =cos?[x] = -1<[x]<1 = [x]=-1,0,1 = xe[-1,0)u[0,1)uUIl,2)=>xe [-1, 2)
(iiil) f(xX)=sin'{x} = -1<{x}<1 = xeR

1 1
Ex.2 tan! (1) + cos! [_Ej + sin! [_5) is equal to
1 1
Sol. tan! (1) + cos™ [_Ej + sin! [——

2

D. PROPERTIES OF INVERSE TRIGONOMETRIC FUNCTIONS

P-1 (i) y = sin (sin"! x) = x (i) y = cos(cos?tx)=x
X e [_11 1]1 VS [_11 1] X e [_11 1]/ VS [_11 1]
Ay Ay
B E— : Y — :
o : P i
Y Y
45 450 i
1 0 i % 0 X
L] - o -
(iii) y=tan(tan'x)=x (iv) y = cot (cot? x) = x
xe R, yeR Xxe R, yeR
y y
/;" /;"
Y Y
45° R 45° R
0 X 0 X
(v) y = cosec (cosec?t x) = X (vi) vy =sec(sect!x)=x

[x]=21,]y|=1

[x]=21;]yl=1

Y1

—1 S —1
i 0 1 X 0 1 X
................... 1 —
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| INVERSE TRIGONOMETRIC FUNCTIONSl

—, =

(vii) y=sin"'(sinx),xeR,ye [—

2} , is periodic function with period 2r and it is an odd function

2
y
/2
oy A S
T S N Py 3 %/
— 1 — Ll < —— 3 n 7, 2 3n A
T-X, ~MSXS-3 *,;15“ %) . Y \ c g )
_ T T -2n 3n -7 T 2
. 1 . _on = T 1
sin ~ (sin x) = X ’_E<X<§ 2 2
T
n—x,ESxSn —n/2

(viii)
-X, —w<x<0
. X, 0<x<m
cos ~ (COS X) = 9 op_y , T<X<2n
X—-2n , 2n<X<3n
- _1 n
(ix) y=tan(tanx), xeR - (2n+1)E,neI ;

is an odd function

y
& S, Ly %
< + 12 2
\
2r 82T g2 O w2 T 3w2 on

m T
ye (—E, Ej is periodic function with period = and it

3n T e & vy

X+T , —— <X<-—-— Y, ¥ o

2 2 “2n 31 -n N 0 T T 3n X
-1 T T 2 2 2 >
tan © (tan x) = X ;o <X<_<

2 2
L 3n R

X—T ; —<X<— 2
2 2

(x)

neither an even nor odd function

y = cot™? (cot x), xe R={nxw, ne I}, y € [0, =], is periodic function with period = and it is

X+7 ; —t<x<0
X ;0<x<m
X—T ; T<X<2T

cot™* (cot x) =

2n
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| INVERSE TRIGONOMETRIC FUNCTIONSl

(xi) y =cosec ! (cosecx),xeR-{nt, nel},ye [—g,OJU(O, ﬂ is periodic function with period

2w and it is an odd function

AY
/2
&
A A /Y
n 2 5 3n Ay
2 ), g 2 Y
> X
T T 21
2
...... s
(xii) y =sec " (secx), xe R-1(2n )E,ne , Y€ O’E v E,n is periodic function with period 27
and it is an even function
y
----- n . CETETE
& A By
v \ T v £
& N2/ S
i H P\
—2n 3w2 T _y2 O e T 32 on

Ex.3 Evaluate following
(i) sin(cost 3/5) (ii) cos(tan-t 3/4) (iii) sin [g—sin1(—%n
Sol. (i) Let cos* 3/5 =6thencos6 =3/5 = sin6 =4/5 .. sin(cost! 3/5) =sin6 =4/5
(i) Let tan* 3/4 = 6 thentan 6 = 3/4 = cosd = 4/5 .. cos(tan™ 3/4) = cos 6 = 4/5
Co(m 4 1 _.E__E_.2TC_\/§
(iii) sin (E—sm [—EJJ = sin (2 ( 6)] = sin 3" 5
Ex.4 Define the function, f(x) = cos-! (cos x) —sin~* (sinx) in [0, 2x] and find the area bounded by the
graph of the function and the x-axis.
X 0<x< %
Sol ) X 0<x<m L . L
] _ = . - = — X FSXS 5
0o cos (cos x) —x T<x<2m ; sin~t (sin x) > 5
X—2m %t <x<2%;
I il
0 if xelo,%]
2x—n  if xell,m® 3n ® T
Hence f(x) = [2 ] Area = (—+— - = = 1
T if xe [7: , 37”] 2 2 2
; 3n
4m-2x if xe[2 ,27:]
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[INVERSE TRIGONOMETRIC FUNCTIONS |

Ex.5 Evaluate each of the following
i) si [E—sin‘1 i) ii [sin“i+cos‘1 EJ i) si i :
(i) sin 3 5 ) (ii) cos 5 3 ) (iii) sin (tan™! 3 + tan-! 2)
T 14 T - T o 4)
i in|=-8in""=| = gin = sinm —| _ Z sipn | sinT =
Sol. (i) sin (3 5) sin 3 cos[ 5) cos 3 sm[ 5
V3 7 14 33 4 3/3-4
=—1-(4/5) ——.—=—. = ——= .
2 25 2 5 10 10
i sin2 4 cos™ 2 sin' 4 cos 2 A sin 2] ain[cos 2
(i) cos 5 3| = cos 5/ cos 3| ~sin 5 Sin 3
—(4/5)? —(2/3)2 E g_i £ zﬂ
53 5 3 15
(iii) sin (tan! 3 + tan™! 2) = sin (tan 3) cos (tan! 2) + cos (tan-* 3) sin (tan! 2)
3 1, 2 3 1
V1432 1122 (1432 V1322 V105 V2
Ex.6 Let y = sin~I(sin 8) - tan~1(tan 10) + cos !(cos 12) - sec™i(sec 9) + cot 1(cot 6) - cosec 1(cosec
7).
If y simplifiesto arn + b then find (@ - b).
Sol. sin!(sin 8) = sin~!(sin(3t—8)) = 37 -8
tan-!(tan 10) = tan™'(tan(10-3m)) = 10 - 3x
cos™(cos 12) = cos™!(cos(4n—12)) = 4n - 12
sec (sec 9) = sec ' (sec(9-2m)) =9 - 2
cot™*(cot 6) = cot™(cot(6—m)) =6 -
cosec!(cosec 7) = cosec™'(cosec(7-2m)) = 7 - 2x
y=0Brn-8)+Br-10)+(4n-12)+ (2 -9)+(-nt+6 )+ (2n-7) = 13n - 40
=a=13 and b=-40 a-b=13-(-40)=53
- o 1 _ 1
P-2 (i) cosec Ix = sin 1;; [x] =1 (ii) sec x = cos 1;; x| =1
41
tan™ — x>0
(iii) cot™ x = X 1
n+tan'—, x<0
X
P-3 (i) sin'(-x)=-sin'x ; —1<x<1 (i) cosec’t (-x) = - cosec ' x ; |x| =1
(iii) tan”' (-x) = -tan"'x ; xe R (iv) cot'(-x)=n-cot’x ; xeR
(v)cos ' (-x) =n-cos'x ; -1<x<1 (vi) sec'(-x)=m-sec’'x ; |x|]>1
- . -1 -1 T — -1 -1 T
P-4 (i) sin"" x + cos X=E;|X|S1 (i) tan ~ x + cot X=E;X€R
. -1 -1 T
(iif) sec 'x + cosec " x = 5 ;oIx]>1
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[INVERSE TRIGONOMETRIC FUNCTIONS|

Ex.7 Find the value of sin! (—\/5/2) + cos™! (cos (7n/6).

Sol. sin-l(—\/§/2) = -sin! (\/5/2) = —7/3 and cos*(cos (7n/6) = cos™ cos (2n - 57/6) = cos* cos(5n/6) = 51/6
5
hence sin-! (—J§/2) + cos™! (cos (7n/6) = - g + ?n = g
7
Ex.8 Find the value of (i) sin~! (sin n/4) (ii) cos cos—=
6
sol. (i) sin-i(sin w/4) = %
. n n Ve
if) cos- — | # ecause ——, does not lies between 0 and =
(i) l(cossj 6b 6d t lies bet 0 and
r 5n 5m 51 V. 5
- —| = -1 cos|2n—— || = -1 lcos—| = 2% e o O
Nowcosl[cosej cosl( [ GD cosl( Gj 6 { 6 T 6}
tan~1 X+Y. ; if x>0,y>0and xy <1
1—xy
P-5 () tan'x+tan'y = n+tan‘1% ; ifx>0,y>0and xy >1
g ; if x>0,y>0andxy =1
- -1 1, -1 XY
(i) tan 'x -tan "y =tan T4 xy ifx>0,y>0
- - - 1| X+y+z—xyz
(iii) tan 1x + tan 1y+tan 1z=tan™ {#} Ifx>0,y>0,z>0andxy +yz+zx< 1
1-xy-yz—2zx
sin‘1[xw/1—y2 +y\/1—x2} ifx >0,y >0and (x? +y?) <1
P-6 (i) sin'x +sin'y =
n—sin‘1[x«/1—y2 +y\/1—x2} ifx =0,y >0and (x? +y?)>1
. .o-1 .o-1 -1 2 \/ 2.
(i) sin " x -sin "y =sin [x\/1—y —yvi1-x } ; Ifx>0,y>0
(i) cos'x+costy= 00371[XY—V1—X2\/1—>’2} ; Ifx>0,y>0
. -1 1. _ ] cos” xy+ 2 1-y?) 5 x<y, xy>0
(iv) cos "x-cos y=
—COS ™ xy+ \/1 y ;o X>Yy, X, y>0
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Page # 10 [INVERSE TRIGONOMETRIC FUNCTIONS |

1 1 T
Ex.9 Prove that, sin"' — + sin™ + sin! = —.
3 3411 V11 2

Sol tan-! ! + tan™! ! + tan! i = tan! M + tan™! i
' 242 732 V2 1- ok V2
942 3 V2 3 3 3
= tan’! + tan! —= = tan! — + tan! —= = cot! &= + tan! = =
27 V2 3 V2 V2 N

Ex.10 Prove thatsin"t4/5 +sin"t5/13 + sin' 16/65 = x/2

Sol. LH.S. = 11\/1 25+\/1—E3 16 _ 88 , 16
Ol. sin- 169 2513 + sin- 65 sin- 65 + sin- 65

16 16 @ 632+162 n
= sin™! 65 65 =sin! 652 =sin™! —E—RHS

1 1 1 T
. -1 — + -1 — + -1 — = —
Ex.11 Prove that tan 5 tan 5 tan 8 )

1 1 1 41 1) 1
] 1 — 4 1= 4 -1 — = [tanT —+tan T — | 4 -1 —
Sol tan 5 tan 5 tan 8 ( 5 5 tan 8

1 1
7+7
2 5 1 X+y
= -1 -1 | — i . -1 -1y = -1 | —— | i
= tan 1_1)(1 + tan 8 {using; tan-! x + tan'y = tan 1_Xy,n’xy<1}
2 5
7 1
9'8 n
= tan! 9 + tan! 8 = tan! 71 = tan-! 65 = tan- 1(1)—2

3 11
Ex.12 Find the value of sin! —— + cos! —— + cot! \/5.
J73 J146

3,5
Sol tan1§+tan1£+cot1\/§—tan*1 S 13 1 +cot*1\/§—tan*1(1)+£—£+£—S—TE
i < ¥ = 1%% = 6 4 6 12

3 15 84
Ex.13 Show that sin'! = + sin"! — =n-sin! —

5 17 85
ol Since 250 15 2 gang (3] +[15) _ 82268
ol. ince 7 >0, ’E] >0and | ¢ 17 ~ 705>

1§ 1E '—121——2‘25+E 1—i 3 8 154 1%
. sin- 5 + sin- 17 =7 - SIin 5\/ 289 17\/ 25 -sint 5 17 17 5 - sin- 85
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| INVERSE TRIGONOMETRIC FUNCTIONSl

3n
Ex.14 Iftan''x + tan'y + tantz = > then prove thatxy + yz+zx =1

3n 3n
Sol. Sincetan!x +tan'y +tantz = > = tanix +tantly = ? -tantz
3n 1 X+y
= tan (tan' x + tan'!y) = tan ?—tan z = 1oxy = cot (tan'! z) ..(1)
1 41 1
Case (I) : If z> 0 then tan! z = cot™! 5 = cot (tan! z) = cot | ~ T +cot 7= ~ ...(2)

1
Case (II):Ifz < Othentan!z = - 1 + cot (E]

..(3)

1) = —m4cot 1] _ cot' 1] - 1
= cot (tan™! z) = cot 7= cot z) =7
x+y 1
From (1), (2) and (3) we get —1—xy ZE orzx +yz=1-xyorxy +yz+zx = 1.

Ex.15 If cos x/2 + cos™ y/3 = 0, prove that 9x? + 12 xy cos6 + 4y? = 36sin?%6

Sol. Letcos'x/2=a,and costy/3 =8 cosa = x/2 and cos B = y/3.
Given, a+=6 .. cos (a+p) = coso
2 2
. . Xy X y
- = === -1 =
orcosoacosP-sinasinp =26 or 53 2 9 cos 6

Va—-x2,9-y?
or %‘ : 6 Y =cose or (xy - 6cos 8)% = (4 - x2) (9 - y?)

or X2y? 4+ 36€0s%0 — 12Xy cos6 = 36 — 9x? — 4y? + x?y?

or 9x2 — 12y cosb + 4y?= 36 (1 — cos?0)  or 9x? - 12xycos6 + 4y? = 36sin20.

36 4 8
Ex.16 Let o = sin‘l[—j, B = cos*(gj and y = tan‘l[—J , find (o + B + v) and hence prove that

85 15
(i) D cota = [ Jeota, (i) > tano-tanp =1
I — -1 % -1 E -1 i
Sol. o+ p +y=tan 77 + tan 4 + tan 15 (1)

(3 (8 L[ B/4)+(8/15) _{zj
now tan [ZJ + tan (Ej = tan 1—(24/60) = tan 36
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Page # 12 | INVERSE TRIGONOMETRIC FUNCTIONSl

38 L[(36) _ T
hence a + B + v = tan 77 + cot 77 =2

cotocotp—1 1
= cota = cot )
cota +cotfp coty Z H o hence proved
1 tano +tanf 1
I1ly tan(o+p) = tany’ 1-tanatanf ~ tany’ s D tanatanp =1
Ex.17 If u = cos™! Jcos20 - tan! /cos26 , prove that sin u = tan2e
1
————-4/c0s20
- U . _, | /cos26 . [1—cos2e}
Sol. Given, u =tan Jcos26 -tan |cos20 = tan iy 1 Joosze |~ tan —Zm
\/c0s 260
_ tan sin®0 . ~ sin®@ _ AB
=@ Jcos20 B anu= Jcos2e ~ BC (say)
A
' @
2 ?D”
u
Jcos 20 B
Then AC = \/sin*0+cos20 = ysin*0+1—2sin2@ = COS?0
AB sin?e 5
sosinu= —< = =tan©0
AC cos?0
Ex.18 Show that cos! l + 2 cot! l = @
X W 7 34
Sol cot? l + 2 cot! l _I tan=t 1 +2 (E—’[an1 l]
. 7 3 2 7 2 3
- 3—Tc—[tan1—+2tan1l) _ 3" Jtan 2y otan 2'1/32 (~.-l<1j
2 1-(1/3) 3
1 3
T -1 7+Z 13
_3 fan ' i3] S -ten 13 v <
4 1-=—= 74
7 4
_8t_ . _ % 1 _5n
B 2 4 4
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| INVERSE TRIGONOMETRIC FUNCTIONSl Page # 13

. 1 = 2 . > = 1 T
Ex.19 Evaluate (i) tan ECOS 3 (ii) tan | 2tan 5 2
. 2 2 o
Sol. (i) Let cos™ 3= 0. Then cos 6 = 3 and0 <6< >
Now t (1008_@) . (19] 1-cos®  1-cos® _ 1-2/3 _ 1/3 _ 1
SHER2TT 3] TN (27) T Hrcose 1_gos?e (1-(2/37 V9-4 B
3
6 1-cos® 1-2/3 1 ) 1 { 0 = n}
: . 2 — = = =— . 2 = — As O<—<—<—
Alternatively : tan 5 1+cos6 1+2/3 5 - tan > 5 525
i) Lettan’ — = 6. Thentano = — and0 <0 < =
(i) ean5—. enan—5an >
2tan6
41 = T tan26 -1 1—tan20
2tan”' == | = 20-—| = = an
Now tan ( 5 4j tan [ ‘J 1+1an2o ” 5tan®
1—tan?6
2_1+ 1
2tan®—1+tan®6 5 95 _10-25+1_-14 -7
= 1-tan20+2tan6 ,_ 1 2 25-1+10 34 17 .
25 5
larccos 1
Ex.20 Evaluate cos > 10 /)
1 1 o .
Sol. Let a = arccos 10 then cos a = T 0 < a<mand B lies in the first quadrant.
1 1 /1+cosoc [9 3v5
—arccos| —— || = [——=—" _ [T _ =NY
We get cos (2 ( 10D 5 20 10
1
Ex.21 Evaluate cos | 3arccos 3]
1 1
Sol. Let a = arccos YR then cos o = - 5 . we make use of identity to get
3a - dcosta-3cosa =453 (3] —1- 4o B
cos 3a = 4cos® a cosa = 57 3) = 57 = o7
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[INVERSE TRIGONOMETRIC FUNCTIONS|

. lcot71 __3
Ex.22 Evaluate sin > 4

-3 _ T
Sol. Let cot! (Tj = 0. Then cot 6 = vy and > <6<
Thus sin lco’[‘1 =3 =sin 9 = 1—cosezi 11— cos6 =L 1- cotb
2 4 2 2 J2 sindcosecd /2 cosec @
1 1 coto
=E _m [.. forn/2 < 6 <=, cosec 8 > 0]
t -84 _ 1 [,3_2 25

~ 2\ Vitgite 2V 5 5 5

Ex.23 Prove that 4 [1eeOSX 5 ot [ anX
X. rove at, COS 12cosx+13 = T co 5 > .

13003x+12} ~ . [12(1+cosx)+cosx}

= -1
Sol. L.H.S.=cos [12005x+13 12(1+cosx)+1

2

24cos?X+cos?X+sin?X
2 2 2

25cos?X+sin?X

{24coszx+coszé—sin2§]
= cos !
2 2

25co0s?X—sin®X
cost [ 2 2]
1 X
= -1 ﬂ = 2tan 1tan1 =2 E—cot‘1 ltanx = qm-2cot! [l tan xj
= CcOoS > = an 5 = > 5 =1 co 5
T leos T leost@|_ 2
Ex.24 Prove that tan 4" o b + tan 4 o b= 5 -

1+tan9 1—tan9
2 2

HS.=tan |-+t | +tan |5~ % | =
anig o anla 2 1—tang 1+tang

= R.H.S.

0\’ o)’
1+tanj + 1—tanj 20
[ 2 2 2(1+tan 2] 5 2
0 cos6 a
2
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(ii)

(i)

(iv)

(v)

(vi)

—n—2sin"'x ; —1§xg__1
1 21
sint2x J{_x2 =1 2sin'x ;%SXS—z
- 1
n—2sin"'x P —<x<1
J2
-
-1 2 _ 2cos™'x ; 0<x<1
cos  (2x 1) = {2n—20031x ; —1<x<0
ox T+ 2tan " x ; x<—1
tan™? > = 2tan 'x : —1<x<1
1-x —m+2tan'x ; x>1
—n-2tan"'x ; x<-1
12X P
sin 5 = 2tan”'x ; —1<x<1
T+x n-2tan"'x ; x>1
2
cos™t 1-x _ 2tan'x ; x>0
14 x2 —2tan"'x ; x<0
- -1
-t—-3sin” ' x ; —1<x<—
2
1 3 1 1 1
sin ~ (3x -4x7) = 3sin” ' x ,—ESXSE
n-3sin”'x ; %5xs1

SIMPLIFIED INVERSE TRIGONOMETRIC FUNCTIONS

/2

_12 A0 /42 \1 X

w2 )
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—2n+3cos ' x ;—1SXS_?1
_ _ 1 1
(vii) cost(4x®-3x) ={ 2n-3cos 'x ; -5 SX<g
3003’1x; % <x<A1
-1 -1/2 0 1/2 1
AY
n+3tanx ; x< - 2
3X—X3 1\/5 1 : :
-1 _ -1y -1 _ — : >X
(vii) ~ tan 1-3x2 B Stan"x ’ﬁ<X<J§ Wa O] 4/Ja:
—n+3tan”" x 'X>L : :
’ 3 e de o
—7/2

F. EQUATIONS INVOLVING INVERSE TRIGONOMETRIC FUNCTIONS

Ex.25 Solve cos x V3 + cosx = n/2.

Sol. Given, cos! x V3 +cos™! x = m/2 ...(1)
or cost x V3 = /2 - cos! X 1
or cos cost x\3 = cos (n/2 - cos!x) 1-x?
or xV3 =sincos'x or xV3 =sinsint J{1_x2

or xV3 = [{_x2 Squaringwe get3x?=1-x? or4x2=1=x=*1/2
Verification : Whenx = 1/2

L.H.S. of equation = cos! (\/5/2) + cost (1/2) =n/6 + ©/3 + /2 = R.H.S. of equation
When x = -1/2.

L.H.S. of equation = cos™ (-,/3/2) + cos™(-1/2) = n - cos™! (,/3/2) + n - cos™* (1/2)
=n-7/6 +n-1n/3 = 3n/2 # R.H.S. of equation x = 1/2is the only solution

5 2
Ex.26 Solve for x : (tan™* x)2 + (cot™ x)? = %

5 2
Sol. We have (tan! x)? + (cot™ x)? = %

2

2
5n? T 5n
= (tan! x +cot™! x)2 - 2 tan"! x. cot! x = ry = |5| —2tanix. (n/2 -tan'x) = —

2

8
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2 T 52 3n?
= % _Z'E .tan'1x+2(tan'1x)2=% = 2(tan'1x)2—ntan'1x—%=0

2’2

T T
= tan'x =-mn/4, 3n/4 = tan!x = -n/4; x = -1 {neglecting tan-! x = 3n/4 astan! x e (_ j ¥

Ex.27 Determine the integral values of 'k' for which the system, (arc tan x)? + (arc cos y)? = n?k and

T . ) .
e TX 4+ cCOSly = B posses solution and find all the solutions.

< -1.\2 o {2 5 2
Sol. 0< (tan"x)" <7 = (tan1x)?2 + (cos1x)? < T
0 < (cos™ y)2 <7’ 4
5n 5
But (tan-'x)? + (cos'x)? = w?k hence km? < 2 =k < 1 (1)

2
T
= 2t -t + (7_1(7[2) =0 For real roots D > 0

\Y

2
T
= nZ—S[T—knzjzo = 1-2+8k=>0 = k . (2)

o0 | —

From (1) and (2) k=1

Cte T+ 48n* — n?

4

= nifn = (liﬁ)% orcost'y = (\/7+1)

T
N (as 0 <cost'y <m)

tan-' x =

DA

_(\/7+1)§ - [(1—ﬁ)] = x=tan (1-47)

n n
4 4

Ex.28 Solve tan! 2x + tan! 3x = 3n/4.

Sol. (i) Forx<0, tan! 3x <0, therefore x < 0 gives no solution.

1 3n T
(ii) Forx >0if2x.3x =6x2<i.e. x < ﬁ then 7" tan-t 2x + tan! 3x <E which is possible

1 3n
(iii) Forx > 0if2x . 3x > 1li.e. x > % then i tan! x + tan ! 3x = n + tan! 1—6x2
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e tant gy = T L Xy [_—EJ— 1= 5x=-1+6x2 or6x2-5x-1=0o0rx=1

i.e. tan 1—6x2 - 2 = el an| 7, ]=-1= 5x=-1+6x*oré6x*-5x-1=0o0rx=
1 . . 1 . .

As 1> 76 x = 1 is a solution. x——6 (being rejected)

Ex.29 Sol "12+"12X—"1f
X. olve sin™ 1o +sin™ — 5= = sin"! x for x.
5x 12x . 45x . 412X
in-1 — in-1 = gin-1 i sSiIn —+S8SIN  —— | = gj in-1 =
Sol. sin 13 + sin 13 sin ! x = sin ( 13 13 sin (sin"t x) = x
5x 12x)°  12x 5x )

=73 1—[Fj + 13 1_[Ej = X= 5X /169 -144x2 + 12X /169 —25x2 = 169x

the above equation holds if either x = 0 or 5,/169 —144x2 + 12X /169 —25x2 = 169 X

i.e. 5 4169-144x2 =169 -12 (19 —25x2 = 169

i.e. 25(169 - 144x?) = 1692 - 169 x 24 /169 —25x2 + 144 (169 - 25x?)

i.e. 25=169 + 144 - 24 /169 —25x2 i.e. 24 /169 —25x2 = 288

i.e. 169 - 25x? = 144 i.e. x2=1 i.e. x==%1

x = 0, £ 1 all are solutions of the equation. Check yourself.
G. INEQUATIONS INVOLVING INVERSE TRIGONOMETRIC FUNCTIONS
Ex.30 Find the interval in which cos™ x > sin! x.
Sol. We have, cos! x > sin™! {for cos* xto bereal; xe [-1, 1]}

= 2 costx>mn/2 = cost x > /4 or cos (cos x) < cos n/4

a1 1L

= X< \/E AN X € ’\/E
Ex.31 Find the solution set of the inequation sin-!(sin 5) > x? - 4x
Sol. sini(sin5)>x?2-4x = sin-![sin(5 - 2n)] > x2 - 4%

= X2 -4x < 5-2n = x2-4x+ (2r-5) <0

= 2- J9_2n<x<2+J9-21 = X € (2—«/9—2n,2+\/9—2n)
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H. SUMMATION OF SERIES

6 8
1 -1 -1 I 1 1
Ex.32 Sum the series, tan 134 + tan 1589 + tan 151516 + to 'n' terms.
2n+2
Sol. T, = tan! 2(n+1) = tan! > >
1+-{(n+1)2 1} {(n+1)3} 1+(n®+2n)(n-+1)

tan-l[ (n+1)(N+2)—n(n+1) }

— tan-! [ 2n+2 }
- 1+n(n+2)(n+1)(n+1) 1+{n(n+1) H(n+1)(n+2)}

=tan*(n+1)(n+2) - tan*n(n+1)

Put n=1, 2, 3, ........ , N and add, wegetS = tan?*(n+1)(n+2) - tan'2
. 2 2 2 2
Ex.33 Sum the seriesto 'n' terms ,htan-! 2 + tan-! 9 + tan-! 6 + tan-! 25 + ... to 'n' terms.

Also show that, S_= tan'3.
Sol T = tan! 2 = tan-! (n+2)=n =tant(n+ 2) - tan!(n)
oo n2+2n+1 1+n(n+2)

Hence,S, = tan?* (n+2) + tan'(n+ 1) - (tan'1 + tan™2)

10 10
Ex.34 If the sum ZZtan‘1£mj —kn, find the value of k.

n=1 m=1 n
10
Sol. S= (tan‘1l+tan‘1g+tan‘1§+ ........ +tan™ 1—0) now consider
- n n n n
10
11
tan”' — _ tan‘11+tan‘1l+tan‘1l+ .......................... +’[an‘1l+’[an‘1i
oy T 2 3 9 10
3 2 2 2 2 2 2 2
tan”'= — tan 'S ttan ' Srtan ' S4tan T Stan T S +tan' =
e n 1 2 3 4 5 10
LY 11 41 1 1 11
Ztan*12 _ tan 1—0+’[an 1—O+’[an 1—O+’[an 1—O+ .................... +tan 110
£ i 2 3 4 10

[45 such pair each pair have value equal to /2]

S=—"+—7— =—7-"=25x = k=25
2 2 2
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Ex.35 Find the value of 'x' satisfying the equation,

1 1 1
» wan [ cosectantx - cottantx] = 2tan'1g +tan'17 +2tan'1§ (given x = 0).

Sol. LHS =2tan! | cosec cosec™

/2
1

R L cot cot™! l}
X X

2 2
X< +1 A XZ+1-1 —
1} =2tan! {—} =2tan! &61

Case-I: If x > 0then LHS = 2 tan! {——
X X tano

= 2 tan tan

| D@

=0 = tanix[-x=tan® = 6 =tanx;0e (—%%)]

41 41 1
Case-II : Ifx < 0 then LHS = cot tan! x = cot (CO’[ 1;—71:) = - cot [TC—CO’I 1;) = cot cot? (—) = 1
X X

which gives the same result. Hence LHS = tan-x

1.1
11 41 Etg 1
RHS = 2 [tan'"2+tan'=| = 2 |[tan'2-8 | = 2tant = = tan- 2/3 _ tant =
5 8 11 3 1—1 4
40 9
3 1 %Jf%
Now tan'—+ tan!'- = tan! 3 = tan*t1. Hence tan'x =tant'1 = x=1

Ex.36 Solve for x : If [sin~! cos™ sin~! tan-! x] = 1 (where [ x ] denotes the greatest integer function)

. . . . T
Sol. Wehave; [sin"tcos?tsinttantx] =1 = 1 <sin'. cost. sint. tan!x< E
= sinl1<cost!.sin!.tan'x<1 = cossinl>sint tantx>cos 1
= sincossinl>tan'x >sincosl1l = tan sin cos sin 1 > x > tan sin cos 1
Hence, x € [tan sin cos 1, tan sin cos sin 1]
M 0 T? ON" 394 - Rajeev Gandhi Nagar Kota, Ph. No. 0744-2209671, 93141-87482, 93527-21564
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[ Exercise -1 ] SINGLE CORRECT (OBJECTIVE QUESTIONS) ]

-1 -1 -1
1. Domain of f(x) = cos ™’ x + cot * x + cosec * x is |4 Ifx20and6 =sin " x + cos " x - tan "x, then
(A) [-1, 1] (B)R (C) (=, = 1] U [1, ) (D) {-1, 1} T oo 3 0 T
A) -s0s— B <0<—
(C)0<o< = D) Z<o< ™
2 4~ 2
Sol.
2. cosec ! (cos x) is real if
(A) x e [-1, 1] (B)xe R
(C) xis an odd multiple of ©/2 (D) x is a multiple of ©
Sol.
5. If cos [tan™" {sin (cot™ /3)}] =y, then :
3. Range of f(x) = sin™" x + tan™" x + sec™' x is (A)y = 4 (B)y = 2 (Qy= 2 (D) y* = 10
' Y5 BV s Y=o Y T
 3n ™ 3n sol.
(M43 (B) 274
n 31
(®)) 24 (D) None of these
Sol.
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. 4(3 4 2
6. The value of tan{Sln 1[5)‘””‘ 1[5)} is

NS L o8 o 17
A 7 B g © - (D) 5
Sol.
T, 1cos‘1 X kid —lcos‘1 X i
8. tan D) + tan 4 o , Xx=0is
equal to
(A) (8) 2 © 2 O
X X » 5
Sol.
n | n
7.1F).C08" o = 0, then D0
i=1 i=1
(A)n (B) -n (©o (D) None of these
Sol. n =«
9. If cot™? E>E’ n € N, then the maximum value
of '‘n’is
(A)1 (B)5 (©9 (D) None of these
Sol.
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10. The set of values of ‘a’ for which Sol.
x?>+ax +sint (x?2-4x +5) +cost (x>-4x+5)=0
has at least one solution is

(A) (—w,—\/g]u[\/ﬁ,oo) (B) (—oo,— 2n)u(\/§,oo)

(COR (D) None of these
Sol.

13. The value of

sin”! [cos {cos™* (cos x) + sin”! (sin x)}], where
11. If [cot™! x] + [cos™! x] = 0 then complete set of -

values of 'x’ is X € (E“j is

(where [ * ] denotes the greatest integer function)

T oL oL T
(A) (cos 1, 1] (B) (cot 1, cos 1) (A) 5 (B) 1 () - n (D) - 5
(C) (cot 1, 1] (D) None of these Sol
Sol. '
1 e
12. The value of cos ECOS 8)is equal to
(A) 3/4 (B) -3/4 (C) 1/16 (D) 1/4
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_ _ 21 _ _
14. If sin”' x + sin 1y=— , then cos 1% + cos 1y

3
is equal to
AE BE CE D
()3 ()3 ()6 (D) =
Sol.

1
15. If x < 0 then value of tan }(x) + tan’ (;) is

equal to

o o
(A) 5 (B) -5 (C)0 (D) None of these
Sol.

16. tan ' a + tan'b, wherea >0, b >0, ab > 1, is

equal to
., [a+b [ atb
(A) tan 1-ab (B) tan 1—ab) ~©

. (a+b ,(a+b
(C) = + tan! [mj (D) & - tan 1[@}
Sol.

a b
17. The value of tan™! [m) + tan’! [—),

c+a
if «/C =90%in triangle ABC, is

A z B z C z D
(A) 1 (B) 3 () 5 (D) =
Sol.
18. If tan™* Vi1 then
) X 45"
(A) x = tan 2° (B) x = tan 4°
(C) x =tan (1/4)° (D) x = tan 8°
Sol.

M OT?O N~
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Sol.

19. The value of

, JV1=sinx+41+sinx | g _

Ot )\ i—sinx —i+sinx |’ 2 <X<™Is

A X B E+5 C X D) 2 X

Wr-5 (B) 35 (O3 (D) 21~ 3

Sol.
21. The complete solution set of the inequality
[cot™! x]? - 6[cot™* x] + 9<0is
(where [ = ] denotes the greatest integer function)
(A) (- =, cot 3] (B) [cot 3, cot 2]
(C) [cot 3, =) (D) None of these
Sol.

20. The smallest and the largest values of

tan-! [1—x) 0<x<1are 1 _1( 3sin26 ) T

1+ X 22.If§ Sin | 54 4cos 20 =Z,thentane|sequalto
o T T T T
(A)O, = (B)O, 2 (C) - 12 (D) 12 (A)1/3  (B)3 (€)1 (D) -1
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Sol.

1, x2 X
23. cos! {Ex +V1-x '\/1_7} = cos! 5 cos! x

holds for

(A) | x| <1 (B)xe R
(C)o<x<1 (D) -1<x<0
Sol.

24. All possible values of p and g for which

3n
cos1 p+ cos-! ﬂ_i_ cos™! ,/1—q :T holds, is

25. Which one of the following correct ?
(A)tan 1 >tant1 (B)tan 1 < tan™!1
(C)tan1 =tant1 (D) None of these
Sol.

26. If u = cot™? ftang - tan™! ftano , then

T u
tan | 7 5 | is equal to

4 2
(A) VJtanaa  (B) Jecotae (C) tan o (D) cot a
Sol.

1 1
Alp=1,9=— B)g>1,p= =
(A)p 9=7 (B)q P=75
1

(O)0<p<l,g= > (D) None of these
Sol.
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J3
27. The equation sin™' x - cos * x = cos™* [7 has

(A) no solution (B) unique solution
(C) infinite number of solutions (D) None of these
Sol.

28. The solution of the equation

T 3 T
sin™? [tanzj -sint [ ;]_g =0is

(A)x=2 (B)x=-4 (C)x=4 (D) None of these
Sol.

29. The set of values of ‘x’ for which the formula 2

sin"' x = sin”! (2x Ji—x2)istrueis

(A) (-1, 0) (B) [0, 1]

NERE] 11
© |~ %% ® |~ 57
Sol.

30. The number of solution(s) of the equation,
sin"x + cos™* (1 - x) = sin”! (- x), is/are

(A)O (B) 1 (©) 2 (D) more than 2
Sol.

X 5 L4
31.If sin'l[gj + cosec'l(—) ZE , then a value of x is

4
(A) 1 (B) 3 (C) 4 (D)5
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Sol.

32. The value of x satisfying

sin"! x + sin"}(1 - x) = cos™! x are

1
(A)O, 5

TCL

1, -1 (D) None of these

Sol.

33. The number of solutions of the equation

T
tan! (1 +x) +tan (1 -x) = < is

34. The number of solution(s) of the equation

T
sin"! (1 -x)-2sintx = 5 is / are

(A)O (B)1 (C)2
Sol.

(D) more than two

35. The number of solutions of the equation

1 1 2
-1 — -1 | — _ -1 =1
tan (2x+1] + tan (4x+1) = tan (ng is

(A) O (B) 1 (C)2 (D)3
Sol.

2
(A) 3 (B) 2 (01 (D) 4
Sol.
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[ Exercise — 11 [ MULTIPLE CORRECT (OBJECTIVE QUESTIONS)]

3
1. Ifsin"! x + sin"ly + sin"lz = ?ﬂ: , then 4. If the numerical value of
tan (cos* (4/5) + tan"* (2/3)) is a/b then
9 (A)a+b =23 (B)a-b=11
100 100 , 5100 _ _
(A)x*" +y ™" + 2z X0 4y 1 7101 0 (C)3b=a+1 (D)2a=3b
Sol.

(B) x22 + y*2 4+ 262 — 5220 _ 420 _ 5620 _
2008 yzoos 4 72008

(xyz)?°% =0

(C)x°+y>*+2z°=0 (D)
Sol.

2. If a satisfies the inequation x?> - x - 2 > 0, then
which of the following exists

(A) sin"ta (B) costa (C) sec! o (D) cosec? o
Sol.

1 147
5. The value of cos ECOS cos 5 is

_In (T
(A) cos > (B) sin 10
2n 3n
(C) cos 5 (D) - cos 5
17
2 Sol.
3.6sin! [X —6X+?] =, if
(A)x=1 (B)x=2 (CO)x=3 (D)x=4
Sol.
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V2 1
6.Ifa=sin? (_? + cos™t (—Ej and

b =tan" (—/3) - cot™ [—%J, then

(A)a-b=17x/12 (B)a+b=17n/12
(C)a+b=-7n/12 (D)a-b=mn/12
Sol.

- _ yis
7. Let f(x) = sin ''x + cos™ x. Then 5 is equal to

1
w ()

1
(C) f[m] ,keR
Sol.

(B) f(k*- 2k + 3), ke R

(D) f(-2)

1
8. If cosec * x = sin™* [;), then x may be

2

9.If0< x < 1, then tan™? is equal to
(A) 1 cos™! x (B) cos™! X
2 2

1__X (D) l tan—l 1+_X
2 2 V1-x

(C) sin™!

Sol.

10. o, and y are three angles given by
-1 so-1 L s -1 _l
oa=2tan (2 -1),B = 3sin \/§+sm >

1
and y= cos ! 5 Then

1 3 3 (A)(X>B (B)B>'Y (C) o<y (D) o>y
A) 1 B) - — c) = D) - >
W ® -3 (©7 (®)-3 Sol.
Sol.
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11. For the equation
2x = tan (2 tan"t a) + 2 tan (tan’! a + tan"* a3),
which of the following is invalid ?

(A) @’ x + 2a = x (B)a’+2ax+1=0
(©a=0 (D)a=-1,1
Sol.

12. cos™! x = tan™! x then

5 V5 -1 5 J5 +1
(A) x° = —2 (B) x- = 2
(C) sin (cos™! x) = 5

S
(D) tan (cos™! x) = o

Sol.

13. The sum 2 tan”
n=1

(A) tan™! 2 + tan™! 3
(C) /2
Sol.

n*-2n%+2

4n
is equal to

(B) 4tant 1
(D) sec’t (—/2)
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[ Exercise -1 |

SUBJECTIVE QUESTIONS

]

1. Given is partial graph

of an even periodic 3
function fwhose period 2
is 8. If [*] denotes 1
greatest integer function N [/EF X
then find the value :12
of the expression. _q

f(-3)+2|f(-1)|+ Hgﬂ +f(0)+arc cos(f(-2))+f(-7)+f(20)
Sol.

2. Solve the following inequalities
(i)sintx>-1 (i) cos”
(iii) cot " x < - /3

Sol.

1
X<2

3. Evaluate each of the following

.7
(i) sin™* [Smgj

4 (005
(i) cos™ (COS 4j

(ii) tan™? [

+ (seeT®
(iv) sec’ (sec 4j

4. Find the value of the following
(i) sin”* (sin 5)
(i) tan™! (tan (-6))

(i) cos™* (cos 10)
(iv) cot™' (cot (-10))

COS— —Sin—

1
(v) cos™’ ( >
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Sol.

6. Solve the following equations :

X 1
(i) tan? [m] =5 tan”! x, (x > 0)
Sol.

.. Find sin™* (sin @), cos™! (cos @), tan™* (tan 8) and

3n
cot™! (cot 0) for 6 e [?’375}

Sol.
ii) 3tan —— = | - tan ~ | =tan a
(i) 2+43 X 3
Sol.
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7. Find the value of

1 . 4 2x 1 f1=y?
tan 53'” 1752 +§C°5 W Lifx >y > 1.

Sol.

8. Prove each of the following :

e -1 -1 1 s -1
(ii) cos " x = sec S = mosin 1-x2

1 X
. -1 -1 -1
i)tan "x=-mw+ cot~ — = sin 5
( ) X 1+ X2 1-x 2 X
1 =7+ tan’ = cot™ 122
-1 X -
=-cos [, _, whenx<0.
1+X when -1 < x < 0.

Sol. Sol.
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-1 T+x . -1 ﬁ
10. If o = 2 tan [1_)(]& B = sin 1152 for
0 < x < 1, then prove that a+ 3 ==n. What the value of
o+p willbeifx >17?

Sol.
T T
9. Find the number of values of x e T4 satisfying
the equation sin’ (2 cos™! (tan x)) = 1.
Sol.
394 - Rajeev Gandhi Nagar Kota, Ph. No. 0744-2209671,93141-87482, 93527-21564 M 0 Ti> ON "
IVRS No. 0744-2439051, 0744-2439052, 0744-2439053 www.motioniitjee.com, email-hr.motioniitjee @gmail.com Nurturing potential through education




Page # 36 | INVERSE TRIGONOMETRIC FUNCTIONSl

Sol.

1 44
11.Ifx = sin (2tan"* 2) and y = sin [Etan 15] then

find the relation between x and vy.
Sol.

(ii) 2tan' (cosec tan™! x - tan cot™! x) = tan™* x

Sol.

12. Prove that

T )5
= cos™ (g]
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63 1 3
(i) cos™ {g] +2tan’! {g] = sin”' [g]

Sol.

13. Find the following

(i) tan {cos“%ﬂan“(%ﬂ

Sol.

(iii) cos™ (cos%tj

Sol.

(iv) tant (tan%)

Sol.

(v) cos (tan‘i]

Sol.

. 43 43
i sin"'Z+cot™ 2
(vi) tan[ 5 2}

Sol.
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14. Find the following

ol ()

2
Sol.

(ii) cos {005‘1{§J+g}

Sol.

1 tans—n
(i tan 4

Sol.

47
(iv) cos COS?
Sol.

(v) sin {008_12}

Sol.

. [ Ssin2a [ tana
(vi) tan™| 5 300500 ) T 1N T4

Sol.

T T
where - = <a< =
2 2

15. Prove that

. 3
(i) 2 cos'—=— + cot'— + — cos!

Sol.

16 1

=T

7
V13 63 2 25

MoTioN
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(ii) cos 13 + cos o5 + sin 325—n

Sol.

V6 +1
(iii) arc cos 1/E —arc cos ==z
3 2+/3 6
Sol.

(iv) Solve the inequality :
(arc sec x)2 - 6(arcsecx) +8 >0
Sol.

16. Find the domain of definition the following

functions.
(Read the symbols [*] and {*} as greatest integers
and fractional part functions respectively.)

o f 3 2X
(i) f(x) = arc cos _1+x
Sol.

2

1+ X
(ii) ,/cos(sinx) + sin™ ox

Sol.

Xx—-3
(iii) f(x) = sin? (T] -log,, (4 - x)

Sol.
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v1-=sinx

(iv) f(x) = Iog5(1——4x2) + cost (1 - {x}),

where {x} is the fractional part of x.
Sol.

(v) f(x) = y3—-x + cos™ [ 5

X
] + log, (2]x] - 3)

+ sin™* (log, x)
Sol.

(vi) f(x) =log,,(1-log, (x*-5x + 13))

3

+ cos! . 9mx
2+ smT

Sol.

(vii) f(x) = esw[2j + tan™! [2—1} +In (x~[x])

Sol.

(viii) f(x)=/sin(cosx) + /n (-2 cos?x + 3 cos x +1)

e (23inx+1J
+e 24/2sinx

Sol.

MoTioN
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17. Find the solution set of the equation,

3costx =sint(J1_x2 (4x2-1)).
Sol.

18. Prove that

(i) sintcos (sin"tx) + cos*sin (cos™ x) =
Sol.

(ii) 2tan!(cosec tan-ix —tan cot'x) = tanx (x = 0)
Sol.

2mn 2pq 2MN
(iii) tan? m2_n? + tan! 02—f = tan! ME_NZ

where M=mp -nq, N =np+mq,

n

m

<1,
q

< 1.

N
<1 and M

Sol.
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(iv) tan (tan'x + tan'y + tan'z) = cot (cot!x
+ cot'y + cottz)
Sol.

(iii) tan*(x-1) + tan-*(x) + tan*(x+1) = tan-!(3x)
Sol.

19. Solve the following equations / system of
equations

(i) sin''x + sin'2x = g
Sol.

1 T
iv) sin"t— = + cos'x = —
(iv) J5 4

5
Sol.
. 1
(ii) tan? + tant = tant—
1+2x 1+ 4x X

Sol.
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2
X1 2x on o ) 2n T
-1 a— _ == (vi) sin"ix + sin"'y = — & cos'x-cosly = —
(v) cos w241 T tan™ 2" 3 3 3
Sol. Sol.
-a? —b?
vii) 2tan'x = cos! —cost a>0,b>0).
(vif) 1+a? 1+b? ( )
Sol.
20. Let y = sin"(sin 8) —tan (tan 10) + cos*(cos 12)
- sec’!(sec 9) + cot!(cot 6) — cosec! (cosec 7). If y
simplifies to an + b then find (a - b).
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Sol. Sol.

21. Show that :

P 33w - 461 - 13n - 191
sSin S|n7 +COS 0037 +tan —tan? +cot™ | cof] 8

451
= 28

Sol.
1

23. If x € —1’—5 then express the function

f(x) = sin™ (3x = 4x3) + cos* (4x3 - 3x) in the form

of a cos™* x + bxn, where a and b are rational

numbers.
Sol.

22, If u = cot! 4/C0S20 — tan-! 4/C0S20 then prove

that sinu = tan?0.
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(iii) cot'7 + cot'13 + cot 21 + cot*31 +...... tonterms

Sol.
24. Find the sum of the series
U RN - ~Jn—y/n—
(i)sin't—=+sin! + ...+ sint————+...
V2 NG A/n(n+1)
Sol.
1
iv)tant!—5— +tant—5——
(iv) X2 +x+1 x2+3x+3
1
+tant!—5—— + tan!————— to n terms.
x2+5x+7 x2+7x+13
Sol.
(v) tan*11 + tan*11 + tan*li + tan*li +
! ) ol 2 8 18 32 T
(i) tan*lg + tan*la + . +tant o ~ | Sol.
Sol.
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25. Solve the following
(i)cotix + cot*(n2-x+ 1) =cot*(n-1)
Sol.

(ii) sec*i - sec*% =sec'b-secla a=x=1;
b>1, azb.
Sol.
x—1 2x—1 23
T - — -1 -1 —
(iii) tan 1t tan ol = tan 36

Sol.

26. Solve the following inequalities
(i)arc cot?’x - 5arc cotx+6 >0
Sol.

(ii) arc sinx > arc cosx
Sol.

(iii) tan2?(arc sinx) > 1
Sol.

MortioNn -
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[ Exercise — IV ]|  ADVANCED SUBJECTIVE QUESTIONS |

1. Prove that

(a) tan T o5 2] 4 tan| B teos 12|20
4 2 b 4 2 a

Sol.

-1 a__b X1 _ Cos“[%}
(c) 2tan {,/a+b.tan2:| = 4+ bcoS X

Sol.

(b) cos™ COSXHCOSY _oian| tan2.tan
1+ cosxcosy 2 2

Sol.

394 - Rajeev Gandhi Nagar Kota, Ph. No. 0744-2209671,93141-87482, 93527-21564 M 0 Ti>0 N
IVRS No. 0744-2439051, 0744-2439052, 0744-2439053 www.motioniitjee.com, email-hr.motioniitjee @gmail.com cation

Nurturing potential through education




| INVERSE TRIGONOMETRIC FUNCTIONSl

VI+x2 —41-x2
VI+x% +1-x

2. If ¥ =tan‘[ } prove that

« 2 =sin 2y.
Sol.

3. Find the sum of the series

(@) cot' 7+cot'13+cot"'21+cot "' 31+......tonterms.

Sol.
1 1 1 1 i
b) tan” —+tan” —+..... +tan” ———+........ oo
( ) 3 1+22n—1
Sol.
(C) tan™ — 1 tan 5 ! +tan” — ! +tan” — ! to n terms.
X5+ x+1 X®+3x+3 X° +5x+7 X*+7x+13
Sol.
. 1 1 1
(d) sin™ +sin —+sinT ——+...... oo terms
V5 J/65 Nl
Sol.

MorTion"

Nurturing potential through education

394 - Rajeev Gandhi Nagar Kota, Ph. No. 0744-2209671,93141-87482, 93527-21564
IVRS No. 0744-2439051, 0744-2439052, 0744-2439053 www.motioniitjee.com, email-hr.motioniitjee @ gmail.com




| INVERSE TRIGONOMETRIC FUNCTIONSl

(e) sin™ 1, sin” V2-1
V2 V6

n(n+1)

Sol.

4. Express

3
B—cos ec? tan’1 B + & sec 1 “tan' &
2 2 2 2 B

as an integral ponnom|aI ino&p.
Sol.

s \/H_Vn_1
N ——+

5. Find the integral value of K for which the system
of equations ;

arccos x + (arcsiny)® = 12

Lo n*  possesses solutions &
(arcsiny)®.(arccos x) =—

find those solutions.
Sol.

6. Find all the positive integral solutions of,

y 3
tan-x + cos™! = sin™!
Ji+y? Jio
Sol.
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7. If X = cosec. tant. cos. cot™. sec. sintfa &Y =
sec cot™! sin tan~! cosec cos™! a ;

where 0 < a < 1. Find the relation between X & Y.
Express them in terms of 'a’.

Sol.

8. Column -1 Column -1I1

2
|sinx—1|+|sinx+1]|

(A)f(x):sin‘[ j (P) f(x) is many one

(B)f(x)=cos™(|x—1]—|x=2]) (Q) Domain of f(x) is R

[sin™x—(r/2)|+|sin™ x+(n/2)|

(C)f(x):sin"[ r j(R)Range contain only

irrational number
(D) f(x)=cos(cos™ | x|) (S)f(x) is even.

+sin™'(sinx) —cosec'(cosecx) +cosec ' | x|

MortioNn -
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Sol.

10. Solve the following inequalities
(a) arccot’x -5arccotx+6 >0
9. Prove that the equation, (sinx)3+(cos *x)*=a 3 | Sol.

1 7
has no roots for A <— and a>—

32 8
Sol.
(b) arc sin x > arc cos x
Sol.
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(c) tan? (arcsinx) > 1
Sol.

11. Solve the following system of inequations
4arc tan’x -8 arctanx + 3 <0 &

4 arc cot x —arccot’x-32>0

Sol.

12. If the total area between the curves

f(x) = cos*(sin x) ang g(x) = sin™! (cosx) on the
interval [-7x, 7n] is A, find the value of 49 A. (Take
n=22/7)

Sol.

10 10 m
Ztan“(—j =km, find the value of k.
n

n=1 m=1

13. If the sum
Sol.

14. Show that the roots r,s and t of the cubic
x(x = 2) (3x = 7) = 2, are real and positive. Also
ot tan H(r) + tan-(s) + tan-i(t)

om pute the value

Sol.

MoOTION:
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15. Solve for x : sin{
Sol.

sin

|

2x% +4
1+ x?

Ds

16. Find the set of value of 'a’ for which the equation
2 cos'x = a + a? (cos™'x)! posses a solution
Sol.

Paragraph question nos. 17 to 19
The domain and range of inverse circular function are
defined as follows

Domain Range

-~ T 3n
sin ~ x [-1,1] 5" o
cos ' x [-1, 1] [0, ]
1 T 3n
tan ~ x R 2o
cot™t x R (0, m)

B [n 375}
cosec = X (=, -17JU[1, =) 2o |~ (m)

T
sec” x (e, -1] U1, =) [0, 7] - {5}
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1 3n . .
x < — then solution set of x is

17.sin” 4
1 1
(A) [31} (B) [—EH}
1 1
(© {——2—2} (D) None of these
Sol.

18.sin" ' x + cosec ' xatx = -1 is

19. If x € [-1, 1], then range of tan”! (=x) is

3n 7n 3n 5n
WEE [
T T
(C) [-7, 0] (D)[‘Z’ﬂ
Sol.

(A n (B) 2= (C) 3n (D) - =
Sol.
Paragraph question nos. 20 to 22
nT+6 , - E <0< I
2 2
tan™! (tan 0) = 0 , LY P ,
2 2
-T+0 , kil <0< %
2
P SO
2 2
.1 . T T
sin " (sin ) = 0 , ——<6=—
( ) 5 5
-6 , Zcp<3T
2 2
-0 , —-m<0<0
cos ! (cos @) = 0 0<0<m
2n—-0 , w<O0<2rn
M 0 T? ON" 394 - Rajeev Gandhi Nagar Kota, Ph. No. 0744-2209671,93141-87482, 93527-21564
Nurturing potential through education IVRS No. 0744-2439051, 0744-2439052, 0744-2439053 www.motioniitjee.com, email-hr.motioniitjee @gmail.com




| INVERSE TRIGONOMETRIC FUNCTIONSl

Based on the above results, answer each of the

following :

20. cos ' x is equal to

(A)sinh J1_x2 if-1<x<1
(B)-sin™" Ji_x2 if —1<x<0
(C)sin™t [1_y2 if-1<x<0
(D)sin™t \[1_x2 if0<x<1

Sol.

22. cos ! x is equal to

1-x2

(A) - tan™! if-1<x<0
_y2
(B) -tan™? 1-x if -1 <x<0
1 V1=x2
(C)—tan1 ifo<x<1
X
1 1=x2
(D)7r+tan1 if-1<x<0
X
Sol.
21. sin ! x is equal to
(A)cos™ \[1_y2 if-1<x<0
(B) cos 't \[{_y2 if-1<x<1
(C)cos™ J1_x2 ifO<x <1
(D) -cos™t J1_yx2 if0O<x<1
Sol.
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[ Exercise-v | JEE PROBLEMS ]

1. The number of real solutions of

tan‘1m+sin‘1m=g is [JEE99,2]

(A) zero  (B)one (C) two (D) infinite
Sol.

. yax .y bx
3. Solve, sin” — +sin =sin"'x,
c

c
where a2 + b2 = 2, c# 0. [REE 2000 (Mains), 3]
Sol.

2. Using the principal values, express the following as a

single angle 3 tan‘[1j +2 tan‘[1j +sin™ 142 [REE 99,6]
2 5 655
Sol.
. _ _ T
4. Solve the equation : cos™ (v6x) +cos™(3V3x?) =5
[REE 2001 (Mains), 3]
Sol.
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2 3 4 6
.1 X X -1 2 X X
. If sin -+ —...|+cos B A A
5. If si {x 5 + 7 ]+ [x > + 2 ]

for 0 < |x| < /2 then x equals to

N3

A5 )1 ©-5 (-1

[JEE 2001 (Scr.), 1]
Sol.

7. Domain of f(x) = sin’1(2X)+% is [JEE 2003 (Scr.) 3]

il el4) e w2
A2 2] BT y) O35 G773

Sol.

8. If sin(cot‘1(x+1)):cos(tan_1 x), thenx equals
[JEE 2004 (Scr.), 1]

1 1 9
A) —— B) - o D) —
A -5  (B)3 (©) (D) §
Sol.
) x? +1
6. Prove that cos tan™ sin cot™ x = 4/—;
X“+2
[JEE 2002 (Mains) 5]
Sol.
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9. Let (X, y) be such that

sin~!(ax) + cos~!(y) + cos*(bxy) =g [JEE 2007, 6]

Match the statements in Column I with statements

in Column II and indicate your answer by darkening

the appropriate bubbles in the 4 x 4 matrix given in | 10-1f 0 <x <1, then

the ORS. J1+x2 [{x cos (cot™'x) + sin(cot*x)}2 - 1]*/2 equals

Column-I Column-II X 5

(A)Ifa =1andb =0, (P) lies on the circle (A) fiex? (B)x  (C)xv1+x" (D) 1+ x?* [JEE2008,3]

then (x, y) x2+y2=1 Sol.

(B)Ifa=1landb=1, (Q) lieson

then (x, y) (x*-1)(y?-1)=0

(OIfa=1landb =2, (R) liesony = x

then (x, y)

(D)Ifa=2andb =2, (S) lies on

then (x, y) (4x2-1)(y?-1)=0

Sol.
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Answer Ex-I1 SINGLE CORRECT (OBJECTIVE QUESTIONS)
1.D 2.D 3.C 4.D 5.B 6.D 7.A 8.C
9.B 10.D 11.C 12.A 13.D 14.B 15.B 16.C
17.A 18.D 19.B 20.B 21.A 22.B 23.C 24.C
25.A 26. A 27.B 28.C 29.D 30.B 31.B 32.A
33.C 34.B 35.B
Answer Ex-I1 MULTIPLE CORRECT (OBJECTIVE QUESTIONS)
1.A,B 2.C,D 3.B,D 4.A,B,C 5.B,C,D 6.A,C 7.A,C
8.A,C,D 9.A,B,C 10.B,C 11.B,C 12.A,C 13.AD
Answer Ex-I111 SUBJECTIVE QUESTIONS
1.5 2. (i) -sin1 < x <1, (i) cos2 < x<1, (iii) No solution
3'2"2"'%'E 4. (i) 5- 2=, (ii) 4 10, (iii) 2x - 6, (iv) 4n - 10 17n
- (D) -5 (D) - 3, (i) S, (v) - (i) 5 - 2m, (i) 4n - 10, (iii) 21 - 6, (iv) 4n - 10, (V) -5
0—2m, % < GS@ 3n
5. sin! (sin o) 52 2 . 5 o) = 21— 6, ?se<2n_
. Sin " (sin @) = 3n-6, ?n<6£3n’ cos = (cos ) = 0_2n sn<6<3n
0—2m, % < 6<@ 3n
-1 (t e) 52 2 t_l( te) e—TC, ?SG<27£
tan an = o ; co co =
6-3m, ?<933TC 0-2m, 2n<06<3m
. 1 1+ xy 5
6.(I)X—\/§,(II)X—2 7. X—y 9.2 10. - ¢ 11. x =4y
1 5n T 4 17
13. (i) —, ii) 1, i) —, iv) —, v) —, vi) —
(1) 7 (i) (iif) (iv) (v) (vi) &
1 2 4
14. (i) 5, (ii) -1, (i) &, (V) 2, (V) 5, (vi) o
15. (iv) (- o, sec 2) U [1, =)
16. (i) -1/3<x <1, (ii) {1, -13}, (iii) 1 < x <4, (iv) xe (-1/2,1/2), x = 0,
(v) (3/2, 2], (vi) {7/3,25/9} (vii) (-2, 2) -{-1,0, 1},
n V3
(viii) {x |[x=2nn+ —,nel} 17. |51
6 2
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. 1 /3 .. 1 1 . 3
19.(I)X—2\/;, (ii) x = 3, (|||)X—0,2,2, (IV)X—_\/E, (v) x=2- ,30r.3,
A 1 ... _a-b
(vi) x = 2,y— , (vu)x-1+ab
9 9
20.53 23.6cos'x-—,soa=6,b=-—
2 2
T T 2n+5 T
24, (i) E' (ii) Z' (iii) arc cot —n , (iv) arctan (x + n) — arctan x, (v) Z

25.(i)x=n2-n+1orx=n, (ii)x=ab, (iii)x=

V2 V2 V2
26. (i) (cot 2, =) U (- «, cot 3), (i) |5 1|, (i) [ 51|V~ W%

[SSRIEN

Answer Ex-1V ADVANCED SUBJECTIVE QUESTIONS
3. (a)arccot{2n+5] (b) %, (c) arctan (x + n) —arctanx,  (d) %, (e) g
4. (o® +p*)(a+B) 5.K =2, 005%71 &003%1‘1 6.x=1,y=28x=2;y=7
7.X=Y= 3_32 8. (A)_PIQIRIS 7 (B)_PIQ ’ (C)_PIRIS ’ (D)_PIRIS

J2 J2 V2 1
10. (@) (cot2, ) U(—s, cot3), (b) | 51|, () | 51 u| =t~ 11. | tan7, cott

12. 3388 13.k = 25 14. 15. xe (-1,1) 16. ae[-2x, 7]—{0}
17. A 18.C 19.B 20.D 21.C 22.D
Answer Ex-V JEE PROBLEMS
1.C 2.1 3.xe{-1,0,1} 4.x=1/3 5.B
7.D 8.A 9. (A)=P; (B)>Q; (C)=P; (D)=S 10.C
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